ABSTRACT. Haken n-manifolds are aspherical manifolds, defined and studied by B. Foozwell and H. Rubinstein, that can be successively cut open along essential codimension-one submanifolds until a disjoint union of n-cells is obtained. Such manifolds come equipped with a boundary pattern, a particular kind of decomposition of the boundary into codimension-zero submanifolds. We prove that there is a certain numerical function ϕ(X 4 ) depending only on the boundary and boundary pattern of the compact Haken 4-manifold X 4 (and vanishing if X 4 has empty boundary), such that for any compact Haken 4-manifold X 4 the Euler characteristic satisfies the inequality χ(X 4 ) ≥ ϕ(X 4 ). In particular, if X 4 is a closed Haken 4-manifold, then χ(X 4 ) ≥ 0.
INTRODUCTION
We address the following fundamental conjecture about aspherical manifolds for a class of manifolds known as Haken n-manifolds.
Euler Characteristic Sign Conjecture. If X d is a closed, aspherical manifold of even dimension d = 2m, then the Euler characteristic of X d satisfies
Recall that a manifold or cell complex X is said to be aspherical if π i (X) = 0 for all i ≥ 2 or, equivalently, the universal covering space of X is contractible. The conjectured sign corresponds to the sign of the Euler characteristic of a product of m surfaces of genus g ≥ 1. This conjecture was first proposed as a question by W. Thurston in the 1970s. (See the Kirby problem set [11] .) The first interesting and in general still unresolved case is in dimension 4.
Here we study this problem for the more tractable class of aspherical manifolds known as Haken n-manifolds, introduced by B. Foozwell in his thesis [4, 5] and developed in recent years by Foozwell and H. Rubinstein [6, 7] . Haken manifolds generalize the well-known examples in dimension 3 explored in particular by F. Waldhausen in the late 1960s. Loosely put, Haken manifolds are manifolds that can be reduced to a disjoint union of cells by successively cutting the manifold open along essential hypersurfaces in the manifold. They provide a convenient framework for proving theorems by induction on dimension, and, most important for us, by induction on the number of steps necessary to reduce to a disjoint union of cells. They also provide a way of injecting topological combinatorics into the study.
Theorem 1.1. If X 4 is a compact Haken 4-manifold without boundary, then χ(X
It is a necessary challenge is to find an interpretation of the conjecture for Haken manifolds that applies to aspherical manifolds with boundary that is not necessarily aspherical or π 1 -injective, because such manifolds arise along the way as one cuts open a Haken manifold. In general, the boundary of a Haken n-manifold comes equipped with a suitable regular decomposition into manifold pieces, called a boundary pattern, in practice induced by the process of cutting open a manifold along hypersurfaces.
Of course classical surfaces of non-positive Euler characteristic, and tori in all dimensions have this property. We also have a well-developed theory in dimension three, which was initiated by Haken [8] , brought to prominence by Waldhausen [12] , and studied from the present combinatorial point of view by Johannson [9, 10] .
Three simple examples to ponder:
(1) A 2-cell, is aspherical with aspherical boundary but the boundary is not π 1 -injective. The same applies to S 1 × D 2 . (2) A nontrivial classical knot exterior gives an example of an aspherical manifold with aspherical and π 1 -injective boundary. (3) An n-ball, n ≥ 3, is aspherical with non-aspherical boundary that is π 1 -injective.
To deal with these situations we require that the boundary be decomposed into codimensionzero submanifolds called faces that are aspherical and π 1 -injective. The same requirement applies to intersections of faces.
The term Haken n-manifold will be defined in several steps. To begin with it is a compact manifold with possible boundary. The boundary is endowed with a boundary pattern, that is, a finite collection of compact, connected (n − 1)-manifolds in the boundary, such that the intersection of any k of them is either empty or consists of (n − k)-manifolds, for k = 1, . . . , n + 1.
The boundary pattern is required to be "complete" and "useful".
"Completeness" means that the union of the faces is the entire boundary. All boundary patterns considered in this paper will be complete. If no particular boundary pattern is prescribed or implied, then it is understood that the boundary pattern consists of the components of the boundary.
"Usefulness" is more technical but implies the following three conditions:
(1) each face maps π 1 -injectively into the manifold; (2) when the manifold is simply connected, the intersection of any two faces is connected; (3) when the manifold is simply connected, if three faces intersect pairwise nontrivially then their three-fold intersection is nonempty.
The full usefulness condition also implies that there are no interesting relations among the images of the fundamental groups of two adjacent or three mutually adjacent faces in the fundamental group of the manifold. We will not be much concerned with this aspect here. The full definition of usefulness is couched in terms of "small 2-disks" being trivial in an appropriate sense. More precisely, a proper map of a 2-disk into the manifold that meets the boundaries of faces transversely in 0, 2, or 3 points is required to be homotopic to a disk in the boundary such that the pre-image of the boundaries of faces is empty, a single arc, or a triod, respectively. See [5, 6] for more details.
The components of the intersections of the faces give rise to a structure called a "boundary complex", analogous to a regular CW complex, except that the manifold pieces need not be cells in general.
Haken n-cells, fundamental building blocks for general Haken n-manifolds, are defined inductively as follows. A point is a Haken 0-cell. An interval, with the boundary pattern consisting of the two boundary points, is a Haken 1-cell. Usefulness requires that a Haken 2-cell is a p-gon, with p ≥ 4, i.e. with the boundary pattern given by the p edges.
For n ≥ 3 a Haken n-cell is an n-cell with complete and useful boundary pattern whose faces are themselves Haken (n − 1)-cells. It follows that any k faces intersect in a Haken (n − k)-cell, or have empty intersection. Important examples of Haken cells arise as convex polytopes. Among the regular polytopes in dimension 3, for example, the cube and dodecahedron are Haken 3-cells, while the tetrahedron, octahedron, and icosahedron (which have triangular faces) are not. The natural cell-structure on the boundary of the octahedron does not even define a boundary pattern, since there are pairs of triangles that intersect in a single vertex rather than in an edge.
When one cuts open a manifold along a hypersurface meeting all the faces (and their faces, etc.) transversely, then one also cuts open the faces of the boundary pattern and creates a new boundary pattern of the cut-open manifold that includes two disjoint copies of the cutting hypersurface. The intention is to do this in such a way that the cut-open manifold is somehow simpler than the original.
Finally, a Haken n-manifold is an n-manifold M together with a hierarchy, that is, a given choice of a succession of manifolds with complete useful boundary patterns and hypersurfaces
where M 0 is the original manifold with its given boundary pattern, and M 1 is the result of cutting open M 0 along F 0 and giving M 1 the induced boundary pattern, etc. We require that M k+1 is a disjoint union of Haken n-cells. This completes the formal definition of Haken n-manifolds.
In dimension 3, Waldhausen [12] proved that an irreducible 3-manifold is Haken if and only if it contains a (two-sided) essential surface. In particular one can start with an essential surface, cut open along it, and then construct the rest of a hierarchy. There appears to be no such theorem in higher dimensions.
If the original Haken n-manifold has nonempty faces, then it follows from the definitions that those faces are also Haken (n − 1)-manifolds, and so on through the faces of the full boundary complex.
See Foozwell-Rubinstein [6] If G 3 is a Haken 3-manifold with boundary a surface T g of genus g ≥ 1, then G 3 × S 1 is a Haken 4-manifold with boundary T g × S 1 and a single boundary pattern face T g × S 1 . And G 3 × I is a Haken 4-manifold with boundary pattern consisting of T g × I and G 3 × {0} and G 3 × {1}.
If T g denotes a surface of genus g ≥ 1, then T g × I 2 is a Haken 4-manifold with boundary pattern faces consisting of four copies of T g × I.
Recent results about Haken n-manifolds.
Here are three basic results about Haken manifolds that generalize results in dimension 3.
Theorem 2.1 (Foozwell, see [6]). A Haken n-manifold is aspherical.
And more substantially,
Theorem 2.2 (Foozwell [5]). The universal covering space of a Haken n-manifold is homeomorphic to R n .
From this it follows that not all aspherical manifolds are Haken or "virtually Haken", since the universal covering space of certain aspherical manifolds first constructed by Mike Davis are not simply connected at infinity and hence not homeomorphic to euclidean space.
Theorem 2.3 (Foozwell [4]). The word problem for the fundamental group of a Haken n-manifold is solvable.

Recently Foozwell and Rubinstein have proved
Theorem 2.4 (Foozwell-Rubinstein [7]). A closed Haken 3-manifold is the boundary of a Haken 4-manifold (with boundary pattern consisting of the components of the 3-manifold).
The most fundamental open problem is the following.
Conjecture 1. A homotopy equivalence between closed Haken n-manifolds is homotopic to a homeomorphism.
APPROACH TO THE SIGN CONJECTURE FOR HAKEN 4-MANIFOLDS
We establish here a framework suitable for proving the Euler characteristic inequality for Haken 4-manifolds by induction on the length of a hierarchy. In particular we develop an appropriate version of the Euler characteristic conjecture for Haken manifolds with boundary.
We seek a function ϕ that assigns to each Haken 4-manifold (and, indeed, any compact 4-manifold with a complete boundary pattern) a real number ϕ(X 4 ) depending only on the boundary of the manifold and its boundary pattern such that χ(X 4 ) ≥ ϕ(X 4 ) for all compact Haken 4-manifolds. In particular, if X 4 is a Haken 4-cell, then χ(X 4 ) = 1 and we must require that ϕ(X 4 ) ≤ 1 in that case. We require that ϕ(X 4 ) = 0 when ∂X 4 = ∅. In addition, if G 3 ⊂ X 4 is an essential hypersurface in the hierarchy for X 4 and we set
Formally Y 4 is obtained by removing a product neighborhood N of G 3 of the form G 3 × I from X 4 .), then we require that
(The equality is a consequence of the standard sum theorem for Euler characteristics, and the first inequality would be a consequence of an induction hypothesis.)
If there is such a function ϕ then an argument by induction on the length of a hierarchy implies that χ(X 4 ) ≥ ϕ(X 4 ) for all Haken 4-manifolds.
Thus, in summary, we require
whenever we can explicitly calculate both quantities.
If X n is a Haken n-manifold, then f n−1 (X n ) denotes the number of facets, and, more generally, f k (X n ) for k < n denotes the number of k-dimensional elements of the complex of intersections of the facets. We let F k < X 4 denote a k-face of the boundary complex of X 4 , f k (X 4 ) denote the number of k-faces of the boundary complex of X 4 , and b k (∂X 4 ) denote the kth betti number of the boundary, i.e., the dimension of H k (∂X 4 ; Q).
We will suppose that ϕ takes the following general form:
and then attempt to deduce restrictions on what the twelve coefficients might be. The as yet unknown constant coefficients are not required to be integers.
Notation. When X is a manifold with boundary pattern we will sometimes use F k X to denote the set of k-dimensional facets and write χF k X for ∑ F k <X χ(F k ).
RESULTS
We will prove the following general result about the possible ϕ-functions discussed in Section 3.
Theorem 4.1. If there is a function of Haken 4-manifolds of the form
then it can be expressed in the form
After showing that this is the only possible ϕ-function, we derive two fundamental facts which will allow us to prove our main result. 
Proposition 4.2. Let ϕ be a function defined for Haken 4-manifolds by the formula
ϕ(X 4 ) = − 1 16 f 0 (X 4 ) + 1 4 ∑ F 3 <X 4 χ(F 3 ).ϕ(Y 4 ) = ϕ(X 4 ) − 1 8 f 0 (G 3 ) + 1 4 χ(F 2 G 3 ) + χ(∂G 3 ) .
Proposition 4.3. Let ϕ be a function defined for Haken 4-manifolds by the formula
Here is the full statement of our positive result about the Euler Characteristic Sign Conjecture. Second we need to consider the case where Y 4 = X 4 |G 3 , where G 3 is the initial cutting hypersurface in the hierarchy of X 4 . We use induction on the length of a hierarchy, together with the earlier analysis to obtain 
Theorem 4.4. If X 4 is a Haken 4-manifold, then
satisfying the properties (1) − (4) of Section 3. First of all, note that we may (and shall) assume that t 2 = t 3 = 0, since b 0 = b 3 and b 1 = b 2 for any closed oriented 3-manifold. 
If dim G is even, then χ(∂G) = 0 and we obtain the desired formula for X. If dim G is odd, then χ(G) − χ(∂G) = −χ(G) and we again obtain the desired formula. Proof. ϕ ′ (X 4 ) differs from ϕ(X 4 ) by a multiple of χ(∂X 4 ). But the boundary of a compact 4-manifold always has Euler characteristic 0.
Corollary 5.3. If X 4 is a Haken 4-manifold, then
Proof. The sum represents the Euler characteristic of the 3-manifold ∂X 4 and hence vanishes.
Lemma 5.4. If X 4 is a Haken 4-manifold, then
Proof. The quantity ∑ F 1 <X 4 χ(F 1 ) counts the number of 1-faces that are not circles, i.e., are intervals, each with 2 end points. On the other hand every vertex has 4 edges incident at it, so 4 ∑ F 0 <X 4 χ(F 0 ) counts the total number of edge ends. It follows that At this stage we may assume our function ϕ(X 4 ) has the following form
Evaluation on some Standard Haken 4-Manifolds.
Here we continue the process of determining restrictions on the coefficients appearing in the formula for the ϕ-function by evaluating the formula on a variety of Haken 4-manifolds and cutting hypersurfaces in hierarchies.
Proposition 5.7. The coefficients in the function ϕ must satisfy
Proof. First consider X 4 = G 3 × S 1 , where G 3 is any closed, connected, Haken 3-manifold, with first cutting surface in the hierarchy being G 3 × point. Here X 4 |G 3 ∼ = G 3 × I, with boundary pattern consisting of the two copies of G 3 . Then, interpreting the sequence of general inequalities
,
and so r 3 + t 0 + t 1 b 1 (G 3 ) = 0. Since there are closed Haken 3-manifolds with arbitrary b 1 , this forces t 1 = 0. And that forces r 3 + t 0 = 0, or t 0 = −r 3 .
Next consider X 4 = G 3 × S 1 where G 3 is a Haken 3-manifold with ∂G 3 = T g , a closed orientable surface of genus g ≥ 1. Then ∂X 4 = T g × S 1 , with boundary pattern consisting of a single face. We have Y 4 = G 3 × I and ∂Y 4 = G 3 ∪ T g × I ∪ G 3 . Again we interpret the sequence of inequalities
We have
Letting g = 1, we have r 2 + r 3 = 0 and letting g > 1 we then have 4s 3 − 1 = 0, so that s 3 = Now consider X 4 = T g × I 2 , where T g is a smooth surface of genus g ≥ 1. Here I 2 denotes the 2-disk with its standard boundary pattern consisting of 4 edges and 4 vertices. The product inherits a boundary pattern and Haken manifold structure in a natural way, with four faces of the form T g × I. Then we get 4r 2 + 4r 3 + 4s 3 (2 − 2g) + t 0 ≤ 2 − 2g.
Setting g = 1, we find that 4r 2 + 4r 3 + t 0 ≤ 0, hence 4r 2 + 3r 3 ≤ 0. Since we already knew that r 2 + r 3 = 0, we see that r 2 ≤ 0 and r 3 = −r 2 ≥ 0.
We next consider G 3 ∼ = S 1 × I 2 , where S 1 is a non-separating simple closed curve in T g , and we set Y 4 = X 4 |G 3 = T g−1,2 × I 2 , where T g−1,2 denotes a twice-punctured surface of genus g − 1.
Again we interpret the full sequence of inequalities
Then identifying the various faces of X 4 we have X 4 has F 2 X 4 = 4(T g × pt), and
Thus we obtain
which implies that r 1 + r 2 ≥ 0. Since r 2 ≤ 0 we have r 1 ≥ 0.
At this stage we may assume our function ϕ(X 4 ) has the following form Let G 3 be a cutting hypersurface in a Haken 4-manifold X 4 and let Y 4 = X 4 |G 3 . We assume that G 3 is connected, although ∂G 3 may well be disconnected. We know that χ(
. In this notation we know that a suitable ϕ function must have the form
In words, the vertices of Y 4 consist of the vertices of X 4 , together with two copies of the vertices of G 3 . Note also that the vertices of G 3 are exactly where ∂G 3 meets
Similarly F 1 Y 4 = F 1 X 4 |F 0 G, together with two copies of F 1 G 3 , which is exactly ∂G 3 ∩ F 2 X 4 . In words the 1-faces of Y 4 consist of the 1-faces of X 4 (as cut open by ∂G 3 ) together with two copies of the 1-faces of G 3 .
Further F 2 Y 4 = F 2 X 4 |F 1 G, together with two copies of F 2 G 3 , which is exactly ∂G 3 ∩ F 3 X 4 .
Finally F 3 Y 4 = F 3 X 4 |F 2 G, together with two copies of G 3 .
Thus, using the sum formula for Euler characteristics, we observe that
About the face numbers themselves we must be less precise, noting that in general a connected codimension-one Haken manifold might or might not separate a connected manifold into two pieces.
We also need
We require
From the above inequalities, taking into account the signs of the coefficients, we have
Therefore we require
Next substitute r 3 = −r 2 to obtain
We now apply this formula to the case of a Haken 3-manifold G 3 with essential boundary ∂G 3 = T g , a closed surface of genus g. In this case we have
Since we already know that r 2 ≤ 0, we conclude that r 2 = 0 (and, then, r 3 = 0).
Thus our relation for Haken 3-manifolds becomes
At this stage we may assume that the function ϕ(X 4 ) has the following form
If we apply the relation
to a Haken 3-cell, we would have χ(
which implies the additional restriction 2r 0 + 3r 1 ≥ −1/8. 
, and this simplifies some aspects.
At this stage our formula for ϕ(X 4 ) is 
and we have the requirement that for a Haken 4-cell
Plugging explicit Haken 4-cells into the formula gives another restriction on the coefficients. Proof. The second inequality is equivalent to −2r 0 − 3r 1 ≤ 1/8, the first inequality yields 2r 0 + 4r 1 ≤ −1/8, and adding we find r 1 ≤ 0. We conclude that r 1 = 0. Then the first two inequalities show that r 0 ≤ −1/16 and r 0 ≥ −1/16, so that r 0 = −1/16.
In particular, there is a unique possible ϕ-function given as
This completes the proof of Theorem 4.1.
The transformation law.
Here we complete the proof of Proposition 4.2.
We suppose X 4 is a Haken 4-manifold with G 3 ⊂ X 4 a connected essential hypersurface, and set Y 4 = X 4 |G 3 , with the induced boundary pattern. Then we need to prove that
Proof. We have
EVALUATION OF THE ϕ-FUNCTION ON HAKEN 4-CELLS
Here we give a characterization of Haken 4-cells in terms of corresponding dual flag simplicial 3-spheres. This allows us to relate the evaluation of the ϕ-function to the Charney-Davis conjecture.
6.1. Discussion of Dual Complexes and Flag Simplicial Spheres. In polytope theory there is a basic duality in which every convex polytope P has a dual polytope P * and for which simple polytopes are exactly the duals of simplicial polytopes. Moreover the double dual P * * is combinatorially equivalent to P. If P has dimension d, then P * also has dimension d, and the face numbers satisfy f k P * = f d−k−1 P. A similar relation holds for more general forms of duality considered here. See Ziegler [13] , for example.
For a general simplicial n-manifold K and p-simplex σ p ∈ K the dual cone to σ p is a topological (n − p)-homology cell (a cone on a homology sphere) that is realized as a subcomplex of the first barycentric subdivision K ′ of K. Explicitly we can write In order to guarantee that the dual cones are cells, the standard property to assume is that the triangulations in question are "combinatorial" or equivalently "PL", meaning that the links of simplices are PL equivalent to standard PL spheres of the appropriate dimension. In lower dimensions, with which we are primarily concerned here (at most 4, boundary at most 3), the PL property is automatic. This is not true in dimensions greater than 4 because of the existence of non-combinatorial triangulations that arise from multiple suspensions of non-simply connected homology 3-spheres. It follows that the dual cones to simplices in a simplicial n-manifold, n ≤ 4, are always cells.
In higher dimensions the triangulations we will obtain in general have the possibly weaker property that links of all simplices are only homeomorphic to spheres of the appropriate dimensions.
We summarize the preceding discussion in the following proposition. We consider a regular cell complex structure on an n-sphere and the additional properties necessary for it to give a Haken cell structure. A regular cell complex is one in which each closed cell is embedded and has its boundary a union of lower dimensional cells. A regular cell complex structure on an n-manifold is simple if each k-cell is the intersection of exactly n − k + 1 of the n-cells in the cell complex. Proposition 6.2. Given a simple regular cell structure X on an n-manifold M n there is a tame simplicial structure K on M n such that X is equivalent to the dual cell decomposition associated to K.
Proof sketch. In a manner similar to that used for a simplicial complex, the regular cell complex has a barycentric subdivision obtained inductively by starring in order of increasing dimension each cell at a point (which we refer to somewhat loosely as a barycenter) in its interior. This defines a simplicial complex L with underlying space M n in such a way that the cells of the regular cell structure are obtained as appropriate unions of simplices of L. A typical k-simplex of L has the formτ 0 * τ 1 * τ 2 * · · · * τ k where τ 0 ⊂ τ 1 ⊂ τ 2 ⊂ · · · ⊂ τ k is a chain of proper inclusions of cells in X.
Assuming that the given cell complex X is simple, we argue that the simplices of L can be regrouped to form another simplicial complex K for which L is the barycentric subdivision.
For a given vertex x of X, which will also be a vertex of L, we consider the collection of all simplices of the form x * τ 1 * τ 2 * · · · * τ n and their faces, where {x} ⊂ τ 1 ⊂ τ 2 ⊂ · · · ⊂ τ k is a chain of proper inclusions of cells in X. By simplicity of the original cell structure X the union of these simplices defines an n-simplex S x :=σ 0 * σ 1 * · · · * σ n where σ 0 , σ 1 , . . . , σ n are the n + 1 n-cells of X containing the vertex x. The collection of these nsimplices S x , x a vertex of X, together with all their faces, defines a simplicial structure K on M n . Tracing through definitions we see that L is exactly its barycentric subdivision. Remark 1. The preceding result is a mild topological extension of a result of M. Bayer [1] .
Proposition 6.3. If X n is a Haken n-cell, then
The Charney-Davis inequality above dualizes into f 2 ≥ 5 f 3 − 16, which becomes the inequality f 0 ≥ 4 f 3 − 16 when we use the dualization of f * 3 = f * 1 − f * 0 above into f 0 = f 2 − f 3 . It follows that − 1 16 f 0 (X 4 ) + 1 4 f 3 (X 4 ) ≤ 1, as required.
CONCLUDING DISCUSSION
In subsequent work with M. Davis we have found a more conceptual and less computational analysis that applies in all even dimensions, showing that the Euler Characteristic Sign Conjecture for Haken manifolds reduces to the Charney-Davis conjecture in all odd dimensions. We also show that the duals of Haken n-cells yield flag simplicial spheres in all dimensions. Details will appear in a forthcoming paper. It still seems possible, however, that there are Haken n-manifolds that are counterexamples to the Euler Characteristic Sign Conjecture in higher dimensions. And in particular we suggest the problem of constructing a closed Haken 6-manifold with positive Euler characteristic, such as a Haken 6-manifold with the rational homology the 6-sphere or complex projective 3-space.
